Scattering and escaping problems for Hamiltonian systems with two degrees of freedom of the type kinetic plus potential energy arise in many applications. Under some discrete symmetry assumptions, it is shown that important quantities in these problems are determined by a relation between two canonical invariant numbers that can be explicitly computed.
I. INTRODUCTION
Invariant tori are very important in the global dynamics of two degree of freedom Hamiltonian systems. They split the phase space in unconnected components. For several physically relevant systems, the existence of such invariant tori, and therefore the understanding of the phase-space structure, can only be achieved through numerical investigation. In this paper, an analytic criterion for the existence of certain families of invariant tori is presented. These families are important in some problems of escaping from and scattering off a potential well.
The class of systems such that our results apply can be described as follows. The Hamiltonian function is of the type kinetic plus potential energy, where V has two critical points: a minimum P m and a saddlepoint P s . The energy of the saddle point, which will be called critical energy and will be denoted E cr , is V( P s ) ϭE cr . For energy values below E cr the corresponding energy-level sets have two distinct components, one bounded and one unbounded. The bounded component projects to the configuration space (x,y) inside what will be called the potential well ͑see Fig. 1 for a topological representation of the level curves of V͒. For HϭE cr , these two components touch at the equilibrium corresponding to P s and for HϾE cr , the two components merge into a single unbounded component.
Notice that E cr plays an important role in the dynamics. For energy values below E cr , there is always a large quantity ͑in a measure sense͒ of bounded orbits trapped inside the potential well, while for energy values above E cr , this may not occur. An important example that belongs to the above class is the Hamiltonian system for the motion of a charged particle in the field of a magnetic dipole ͑see, for instance ͓1͔͒, also called the Stormer system. Due to the rotation symmetry of the magnetic field, this system can be reduced to two degrees of freedom. For a given value of angular momentum and in convenient time and length scales, its Hamiltonian function is Hϭ 1 2 ͑ p x 2 ϩ p y 2 ͒ϩV͑ x,y ͒, V͑x,y ͒ϭ 1
where x is the radial coordinate and y is the coordinate along the dipole axis. It is well known that V satisfies the above properties, so the level curves of the Stormer potential V are topologically as in Fig. 1 : V has two critical points, a minimum P m and a saddle-point P s , such that V( P s )ϭE cr ϭ1/32 and for energy values below E cr , the corresponding energy-level sets have two distinct components, one bounded and one unbounded. For HϭE cr , these two components touch at the equilibrium corresponding to P s and for H ϾE cr , the two components merge into a single unbounded component. In this paper, two different problems will be considered for systems similar to the Stormer system, contained in the class defined below expression ͑1͒. The first is the so-called ''escaping problem'' or ''escaping from a potential well,'' that is: for a given distribution of initial conditions inside the potential well with fixed energy EϾE cr to determine the amount of solutions that remain inside the potential well after time tϾ0. This type of escaping problem had been re-cently considered by Contopoulus et al. ͓2͔ and Kandrup et al. ͓3͔ in a series of papers that were the main motivation for the present paper. Escaping problems appear in several branches of physics and chemistry ͑see, for instance, ͓3,4͔ and references therein͒. The second problem addressed in this paper is the so-called ''scattering problem.'' For instance, consider the Stormer system and a family of initial conditions parametrized by an ''impact-parameter'' b with constant energy EϾE cr , see Fig. 1 . Most of these initial conditions will be scattered off the potential well and will become asymptotically free as t tends to infinity. These scattered solutions can be characterized by their asymptotic angle (b) as shown in Fig. 1 . In this case, the scattering problem consists in determining the angle (b) as a function of the impact-parameter b. The scattering problem for other systems ͑or even for this one͒ can be defined in terms of other input-output variables instead of b→ (b) . Scattering problems have been extensively studied, in particular in the context of chaotic systems. The reader can find many references on the subject in the special volume, Chaos 3, issue 4 ͑1993͒ ͑in particular, see ͓5͔ for a review͒ and also ͓6͔. The scattering problem for the Stormer system has been considered, for instance, in ͓7͔.
From a theoretical point of view, escaping and scattering problems are better understood for systems that either are integrable or have fully hyperbolic recurrent sets. The systems considered here are mostly in between these two extreme cases. In the context of the Stormer system, our main result for the escaping problem can be summarized in the following way. For E larger than but close to E cr solutions initially in the potential well can escape to infinity. This certainly happens for solutions on the x axis with initial velocity parallel to it. Nevertheless, escape may not occur for most solutions, if there exists a torus that projects to the configuration space like the one shown in Fig. 4͑a͒ . This torus blocks the ''exit'' from the potential well for ''most'' solutions. To be more precise about what we mean by ''most solutions,'' it is necessary to consider the limit E→E cr and to introduce the concept of a family of blocking tori. The main result in this paper is to give a computable criterion for the existence of blocking tori in a class of systems that include the Stormer system. The implications of the existence of blocking tori for scattering problems is the following. A blocking torus restrict the access of all incoming solutions to a small phase-space region inside the potential well. Since most of the recurrent dynamics happens inside the potential well and recurrence is the main source of singularities in scattering functions, one expects that the regularity of these functions may strongly depend on the existence or not of a family of blocking tori.
Our criterion for the existence of blocking tori is a consequence of some previous mathematical and numerical investigations on systems with ''saddle-center loops'' ͓8-11͔. Part of this work is presented in Sec. II. In Sec. III the results presented in Sec. II are applied to the Stormer systems and to three other systems that were studied in ͓3,2,12͔. Section IV is a conclusion where we point out the main ideas in this paper.
II. THE CRITICAL NUMBER
In order to simplify the presentation, this section is divided in several subsections.
A. Hypotheses and the saddle-center loop map
Although the results described here are valid for a wider class of systems ͑see references below͒ in this section, we only consider Hamiltonian systems with two degrees of freedom of the form kinetic plus potential energy:
where,
…, with Ͼ0,Ͼ0, ͑ c͒‫ץ‬ q2 U͑q 1 ,0͒ϭ0, for any value of q 1 , ͑ d͒ equation U͑q 1 ,0͒ϭ0 has a nontrivial nondegenerated solution q 1c and no solutions in ͑ 0,q 1c ͒.
The potential of the Stormer system ͑2͒ satisfies these hypotheses with q 1 ϭx, q 2 ϭy, and with (q 1 ,q 2 )ϭ(0,0) replaced by P s . The above systems have two important properties ͑1͒ the origin is an equilibrium point of saddle-center type, namely, it is associated to a pair of real Ϯ and a pair of imaginary Ϯi eigenvalues, ͑2͒ the phase-space plane ͕q 1 ,p 1 ,q 2 ϭ p 2 ϭ0͖ is invariant and it contains an orbit ⌫ homoclinic to the origin p 1 ϭp 2 ϭq 1 ϭq 2 ϭ0.
The invariant set given by the saddle-center equilibrium and the homoclinic orbit ⌫ will be called saddle-center loop. From a topological point of view, a saddle-center loop is similar to a periodic orbit ͑of ''infinite period''͒ in phase space. Moreover, for system ͑3͒, the saddle-center loop is placed exactly where one can expect a possible family of blocking tori to accumulate ͑think about the Stormer system͒. These facts suggest two things: first, one can use Poincaré sections to study the saddle-center loop and second, families of blocking tori may be related to invariant circles on the induced Poincaré map. However, some difficulties appear when one tries to define a Poincaré map for a saddlecenter loop due to the presence of the unstable equilibrium in the loop. In order to overcome this difficulty, a Poincaré map for the saddle-center loop will be defined by the composition of two distinct maps: one related to the passage of solutions near the saddle-center equilibrium denoted by L and another related to the traveling of solutions near ⌫ denoted by G. In order to define these mappings, it is first necessary to study the dynamics near the saddle-center equilibrium. The quadratic part of H is given by Fig. 2 . Sections ⌺ 1 , ⌺ 2 , and ⌺ 3 , are locally parametrized by q 2 , p 2 , and E, where E is again the energy. In order to simplify the computations, it is convenient to define canonical variables Q 1 , P 1 ,Q 2 , P 2
where Iϭ
Using these coordinates and the approximation H L to H, one can parametrize ⌺ 1 as
Similarly, one gets explicit expressions for ⌺ 2 and ⌺ 3 . The integration of the linearized vector field near the origin gives the linear flow
This flow induces a discontinuous Poincaré map L: ⌺ 1 →⌺ 2 ഫ⌺ 3 given by the following relations ͑see Fig. 2͒ .
given by ͓Z and ZЈ denote the column vectors (Q 2 , P 2 ) and (Q 2 Ј , P 2 Ј),
where R() is the rotation matrix of angle
given by the same expressions as in item ͑i͒
except that is given by ͑I,E͒ϭϪ
͑iii͒ If (Q 2 , P 2 ,E)⌺ 1 is such that IϭE ͑namely, E у0 and P 1 ϭ0͒ then the solution that leaves ⌺ 1 is in the stable manifold of either a periodic orbit in W c (EϾ0) or the saddle-center equilibrium (Eϭ0). So the flow does not define the Poincaré map. In this case, L(Q 2 , P 2 ,E) ϭ(Q 2 Ј , P 2 Ј ,EЈ) is defined to be in ⌺ 2 with coordinates given by (Q 2 Ј , P 2 Ј ,EЈ)ϭ(Q 2 , P 2 ,E). A Poincaré map G: ⌺ 2 →⌺ 1 is defined in the usual way by the flow near ⌫.
where C(␦) is a two-by-two matrix ͓the (Q 2 , P 2 ) components of the derivative of G with respect to (Q 2 , P 2 ) at (Q 2 , P 2 ,E)ϭ(0,0,0)͔ and u(␦) is a vector ͓the (Q 2 , P 2 ) components of the derivative of G with respect to E at (Q 2 , P 2 ,E)ϭ ( 
(␦)ϭAR(K)
where A is a diagonal matrix. Using the simplectic property of the flow, one gets that the determinant of A is one. Therefore, the expression for the (Q 2 , P 2 ) components of G, denoted as Ĝ , within the linear approximation and with a convenient choice of ␦ is given by
͑8͒
Let ⌺ 1E and ⌺ 2E be the restrictions of ⌺ 1 and ⌺ 2 , respectively, to the energy level set HϭE, for E close to zero. Since the dynamics preserves energy, it is convenient to restrict maps L and G to ⌺ 1E and ⌺ 2E , respectively. The above expressions for L imply that the (Q 2 , P 2 ) components of L, denoted by L , restricted to ⌺ 1E are given by The results presented in this section are due to several authors, especially Lerman ͓13͔ and Mielke, Holmes, and O'Reilly ͓14͔. The normal form theorem used to study the integrable nonlinear dynamics near the saddle-center loop is due to Moser ͓15͔ with a supplement of Rüssmann ͓16͔ ͑see also ͓17͔, Appendix 8͒. Some early ideas related to the dynamics in systems with saddle-center equilibria using Moser's theorem can be found in Conley ͓18,19͔, Churchill, Pecelli, and Rod ͓12͔ and Churchhill and Rod ͓20͔ ͑see, also earlier work by the same authors cited in these references͒, and Llibre, Martinez, and Simó ͓21͔. Mappings G, L, and the saddle-center loop map F as presented here are due to Lerman ͓13͔ and Mielke, Holmes, and O'Reilly ͓14͔, independently.
B. The invariants ␣ and ␥
The dynamics of the saddle-center loop map depends on the two parameters ␥ and ␣. The parameter ␥ϭ/ is the ratio between the modulus of two eigenvalues and and therefore is invariant under any change of coordinates ͑it is invariant even under time reparametrization͒. The parameter ␣ is harder to compute and is related to the flow linearized at the orbit ⌫. Let q 1 (t) be the q 1 component of ⌫(t). The (q 2 ,p 2 ) components of the vector field linearized at ⌫ are
where 2 ϩS͑q 1 ͒ϭ 2 ϩO͑q 1 ͒ϭ‫ץ‬ q 2 ,q 2 V͑q 1 ,0͒.
In the variables (Q 2 , P 2 ) these equations become
For a given ␦Ͼ0, let t Ϫ (␦) and t ϩ (␦) be two time values such that the (Q 1 , P 1 ) coordinates of ⌫͓t Ϫ (␦)͔ are ͑0, ␦͒ and the (Q 1 , P 1 ) coordinates of ⌫͓t ϩ (␦)͔ are ͑␦, 0͒. Let (t Ϫ ,t) be a fundamental system of solutions of Eq. ͑12͒ such that (t Ϫ ,t Ϫ ) is the identity matrix. Then, matrix C(␦) appearing in Eq. ͑7͒ is given by (t Ϫ ,t ϩ ) and ␣͑␦͒ is the square root of the largest eigenvalue of Â and B are the usual scattering coefficients of quantum mechanics. In ͓8͔ ͑Theorem 4͒ it is shown that the maximum with respect to ␦ 0 of the trace of the limit ͑Ϫϱ, ϩϱ͒ ͑as discussed above͒, which is equal to ␣ϩ␣ Ϫ1 , is also equal to 2ͱ͉B͉ 2 ϩ1. Therefore, one gets that ␣у1 is given by
where ͉B͉ is determined by the one-dimensional scattering problem ͑13͒-͑14͒. The number ␣ can be also understood in a different and more geometric way. The center manifold of the saddlecenter equilibrium is foliated by periodic orbits E , one for each energy EϾ0. In the linear flow approximation ͑5͒ E is a circle of radius ͱ2E/ in the plane ͕Q 1 ϭ P 1 ϭ0,Q 1 , P 2 ͖. The stable ͑unstable͒ manifold of E is a cylinder that intersects ⌺ 1E (⌺ 2E ) at a circle C 1E (C 2E ) with the same radius. The global mapping G maps C 2E ⌺ 2E to a closed curve C 1E Ј ⌺ 1E that is approximately an ellipsis if EϾ0 is small. In general, C 1E Ј intersects the circle C 1E transversally. Let ␤Ј denote the area outside C 1E and inside C 1E Ј and let ␤ be the area inside C 1E . Since G restricted to ⌺ 2E preserves area, then 0р␤Ј/␤Ͻ1. Let ␤ * be the limit of ␤Ј(E)/␤(E) as E→0. Then one gets
Notice that if the unstable and stable manifolds of E coincide then ␣ϭ1. This is a necessary condition for integrability obtained in ͓13͔ and ͓14͔. Notice that in terms of the scattering coefficient B, a necessary condition for integrability is Bϭ0, namely, a resonance in the ''quantum scattering problem'' ͑13͒-͑14͒. The number ␣ first appeared in ͓13͔ and ͓14͔. An invariant characterization of it was given in ͓8͔ that was the source for most of the presentation above.
C. A class of examples where ␣ can be easily computed
In general, it is not easy to solve the scattering equation ͑13͒. In most cases this can only be done numerically. Nevertheless, there is an important class of potentials where this problem can be solved analytically ͓8͔. This class is described in the following. Suppose that the potential V in Eq. ͑3͒ satisfies the following additional hypotheses:
This implies that the solution homoclinic to the origin satisfies q 2 ϭ p 2 ϭ0 and
It can be checked that the q 1 component of ⌫ is given by
where
This implies that Eq. ͑13͒ becomes
This is a well-known one-dimensional Schrödinger equation problem that can be solved using hyper geometric functions. The modulus of B is given in ͓22͔, Sec. 25, Eq. 4, as
Then, ␣ follows from these expressions and from ␣ϭ͉B͉ ϩͱ͉B͉ 2 ϩ1 ͓Eq. ͑15͔͒.
D. Families of blocking tori and the critical number
In the introduction, a family of blocking tori was defined using the topology of the energy-level sets of the Stormer system as a model. That definition can be easily generalized to systems that satisfy the hypotheses of Sec. II A. In this case, a blocking torus splits the phase space into two connected components but none of them has to be necessarily bounded. For these systems, the existence of a family of blocking tori accumulating at ⌫ is implied by the existence of a family of invariant curves accumulating at the trivial fixed point of the saddle-center map F, Eq. ͑10͒. Before explaining this claim, it is necessary to study the dynamics of F. The following two paragraphs were essentially taken from ͓11͔.
Map F has among other symmetries a remarkable one: it is invariant under discrete dilation Z→e /␥ Z ͓namely, F(e /␥ Z)ϭe /␥ F(Z)͔. In particular, this symmetry implies that the fixed point Zϭ(0,0)ϭ0 គ is stable when ␣ is sufficiently close to ␣ϭ1. In fact, for ␣ϭ1, F leaves all circles centered at 0 គ invariant ͑F is just a rotation in each circle͒. Far from the origin, F is analytic and the KAM ͑Kolmogorov, Arnold, and Moser͒ theorem can be used to prove that, if ͉␣Ϫ1͉ is sufficiently small, then invariant closed curves surrounding 0 គ exist. Since there is one such a curve there are infinitely many, due to the dilation symmetry, and these curves accumulate at 0 គ ͑where F is not differentiable͒.
The dilation symmetry also suggests a beautiful mechanism for the instability of 0 គ when ␣ is large. For ␣Ͼ1, if F has a fixed point p distinct from 0 គ , then it has an infinite family of fixed points given by e k/␥ p, kZ. Indeed, an explicit computation shows that F has four families of fixed points. The first family is denoted by z k , kZ, where z k ϭe k/␥ z 0 . The elements of the second family are given by Ϫz k . The element z 0 has coordinates
where ␦ϭarctan(1/␣)(0,/4). The linearization of F around z k and Ϫz k , for all k, is associated to the same pair of eigenvalues (, Ϫ1 ), determined by ϩ Ϫ1 ϭ2ϩ2␥(␣ Ϫ␣ Ϫ1 ). This implies that all Ϯz k are hyperbolic. Now, suppose the unstable manifold of z 0 intersects transversally the stable manifold of z 1 . Then, the dilation symmetry of F implies that the unstable manifold of z k intersects transversally the stable manifold of z kϩ1 for all kZ. The same is valid for the family Ϫz k , kZ. So, due to the discrete symmetry, the existence of a transversal heteroclinic orbit connecting z 0 to z 1 implies the existence of two infinite heteroclinic chains, or ''Arnold's transition chains'' ͓24͔, which implies ͑besides a lot of ''chaos''͒ the instability of 0 គ . In order to show that this scenario indeed occurs, it is still necessary to show that the unstable manifold of z 0 intersects the stable manifold of z 1 transversally. This is related to the nonexistence of homotopically nontrivial invariant curves in the saddle-center loop map. It was proved in ͓10͔ that the above transition chain exists if ␥(␣Ϫ␣ Ϫ1 )Ͼ1. For the real saddle-center loop map, that takes into account the higherorder corrections to F, it was proved ͓10͔ the existence of a semi-infinite heteroclinic chain connecting points arbitrarily close to the saddle-center loop to points at finite distance of it.
In ͓11͔, a numerical study of F was done in order to estimate the region in the parameter space ␥Ͼ0, ␣у1, where invariant circles surrounding 0 គ exists. Very curiously the following simple criterion was obtained.
Stability criterion. Let c be the number ͑stability number͒:
There is a critical value of c, denoted as c c and called critical number, such that • If cϽc c , then there are invariant circles surrounding 0 គ , so all orbits of F are bounded and 0 គ is a stable fixed point.
• If cϾc c then there are no invariant circles surrounding 0 គ and F has an infinite heteroclinic chain connecting 0 គ to infinity.
An approximated value of c c , probably overestimated, is c c ϭ1/&.
Remark: The above criterion was obtained numerically. Both the form of the critical curve and the critical number c c ϭ1/& are only approximations. The computation near the breakup of the last invariant curve is delicate. For instance, for some particular values of ␥, it was numerically verified a stability-instability transition at c c ϭ0.55 ͓23͔.
Notice that the appearance of the above heteroclinic chain reminds us of ͑and it is very similar to͒ the so-called ''resonance overlap criterion'' of Chirikov ͓24͔. This idea of resonances overlap when applied to the standard map also produces infinite heteroclinic chains. A remarkable property of the saddle-center loop map F is that this infinite heteroclinic chain of F implies a semi-infinite heteroclinic chain for the original Hamiltonian system ͑3͒ ͓10͔. Now, we turn back to the question of the existence of families of blocking tori. All the discussion above supposes the energy E to be zero. Nevertheless, the concept of families of blocking tori requires the existence of invariant tori for EϾ0. In fact, using the KAM theorem ͑as, for instance, in ͓10͔͒ it can be shown that the existence of sufficiently smooth invariant circles surrounding 0 គ for Eϭ0 imply the existence of perturbed invariant circles for E 0, ͉E͉ small. The statement is as follows. If the above invariant circles for Eϭ0 exist, then given an ⑀Ͼ0 there exists ␦Ͼ0 such that for ͉E͉Ͻ␦ the mapping G‫ؠ‬L restricted to ⌺ 1E has an invariant circle with a radius less than ⑀. This conclusion clearly implies the existence of a family of blocking tori associated to the saddle-center equilibrium at the origin of system ͑3͒. So, the stability criterion above can also be used as a criterion for the existence of families of blocking tori. More information about invariant curves for EϾ0 can be found in ͓10͔ ͑in particular, in Fig. 4 of ͓10͔ one can find a diagram that motivated the definition of a family of blocking tori͒.
E. The saddle-center scattering map
In Sec. II A we presented maps L and G to describe the dynamics near a saddle-center loop of a system satisfying certain hypotheses. In this section, the dynamics generated by these maps will be studied for a fixed small value of E Ͼ0. For simplicity, the index E will be omitted from ⌺ 1E , ⌺ 2E , and ⌺ 3E , and the restriction of the (Q 2 , P 2 ) components of L and G to the energy-level set E will be denoted also by L and G, respectively. So, the dynamics near the saddle-center loop in this case is determined by the pair of mappings ͓see Eqs. ͑9͒ and ͑8͔͒ Fig. 2͒ . For a system satisfying the hypotheses of Sec. II A, a typical scattering problem, similar to the one for the Stormer system mentioned in the introduction and illustrated in Fig. 1 , is the following. The incoming particles are given by a line of initial conditions with fixed energy EϾ0 at q 1 ϭ0 with p 1 ϭq 1 ϭvϾ0, v constant satisfying 0ϽvϽͱ2E. For E small, from the linearized Hamiltonian H L ͑4͒, one gets that this set of initial conditions corresponds to a circle in phase space given by
The linearized flow ͑5͒ maps this circle to another circle S in ⌺ 2 with the same radius. So one can consider S⌺ 2 as the input of the scattering process. It is clear that if the only exit from the potential well is over the saddle-center equilibrium at the origin, then any scattered solution must hit ⌺ 3 . Therefore, a suitable output for the scattering problem is the (Q 2 , P 2 ) components ͑or any function of them͒ of the intersection of an exiting solution with ⌺ 3 . Under some circumstances, as discussed below, the scattering problem presented above is approximately determined by the dynamics of L and G in the following way. The initial condition for the scattering process is given by the circle S ⌺ 2 . This circle is mapped by G to an ellipsis G(S) ⌺ 1 , see Fig. 3 . The points in G(S) have two possible ways. If they are outside the circle ʈZʈ 2 ϭ2 Ϫ1 E ͑repre-sented by a dotted circle in Fig. 3͒ then they are mapped back to ⌺ 2 by L. If they are inside this circle, then they are mapped to ⌺ 3 by L. The scattering process for the points in ⌺ 3 is finished and the corresponding output value are their (Q 2 , P 2 ) components. Moreover, the scattering time in this case may be taken as one, because they were scattered after one cycle of iteration of G and L. Then the points L‫ؠ‬G(S) ⌺ 2 are mapped again to ⌺ 2 and so on, see Fig. 3 . The result is that from this iteration scheme ͑which we call ''saddle-center scattering map''͒ one can get all scattering functions.
The procedure described in the above paragraph approximates well the real scattering process under two circumstances. At first, EϾ0 has to be sufficiently small. At second, the stability number c of the previous section must be less than the critical one c c Ϸ1/&, namely, the system must have a family of blocking tori. If this last condition is not verified, then points initially close to Zϭ(Q 2 , P 2 )ϭ(0,0) can escape to infinity under iterations of L‫ؠ‬G. Therefore, they will never hit ⌺ 3 . Moreover, mappings G and L approximate the real dynamics only when ʈZʈ is not large. Even when c is large, the scattering results obtained with mappings G and L may be a good approximation to the real scattering in its first few iterates.
We point out that the scattering map defined in ͓25͔, which consists of reinjecting the scattered solutions, may be easily obtained in the context of the saddle-center scattering map. This is done through the identification of ⌺ 3 and ⌺ 2 . The result is a mapping from F : ⌺ 1 →⌺ 1 given by
where K and KЈ are constants in ͓0,2͒ and the mapping is the identity if ʈZʈ 2 Ϫ2 Ϫ1 Eϭ0.
III. APPLICATIONS
The goal in this section is to apply the results presented in the previous one to four examples. The first three are taken from ͓3,2,12͔.
A. Example 1
In this example, the Hamiltonian function is
This is Eq. ͑3͒ of ͓3͔. For ϭ1, it is the well-studied Hénon-Heiles system ͓26,12͔. For any value of у0, the potential function has a saddle point at (x,y)ϭ(0,1) with an associated critical energy E cr ϭ1/6. With the change of variables yϭ1Ϫq 1 , xϭq 2 , one gets Figs. 4͑a͒ (ϭ0) and 4͑b͒ (ϭ0.4), we show projections of invariant tori on the configuration space that block the escaping channel over the saddle-center equilibrium. In Fig. 4c (ϭ0.7) we exhibit a single solution starting near the boundary of the potential well that escapes from it. This shows that there is no variant torus near the saddle-center loop blocking the exit of the potential well.
In order to illustrate the dependence of a scattering problem for this system on the parameter , consider a scattering function defined in the following way. For a given EϾ0, let ͕xϭb, yϭ1.1, p x ϭ0, p y Ͻ0͖ be a one parameter family of input initial conditions where p y is determined by HϭE ϭconst and the impact-parameter b is defined in a maximal interval where V(b,1.1)рE. Consider the solution generated by the initial condition associated to b and suppose that for some time T(b) this solution hits the phase-space hypersurface ͕yϭ1͖ with p y Ͼ0 and xϭ(b) . The functions b →T(b) and b→(b) will be called as time delay and scattering return map, respectively. It seems from a sequence of graphs of the scattering return map, obtained through the variation of for Eϭ0.17 fixed, that near ϭ0.43 the rate ͑with respect to ͒ of loss of regularity of b→(b) is enhanced. Nevertheless, the transition that occurs near ϭ0.43 can be much easily seen through a plot of an averaged time delay function T () as shown in Fig. 5 . This function T is obtained taking the average of T(b) over many equally spaced values of b for a fixed value of .
The potential V above has two more saddle points x ϭϮ(1/2ͱ)ͱ1ϩ2ϭϮx , yϭϪ1/(2)ϭȳ , at energy Eϭ(1ϩ3)/(24 3 ). There is a homoclinic solution to each saddle-center equilibrium corresponding to each of these FIG. 4 . Projections on the configuration space of orbits of the Hénon-Heiles family with energy equal to 0.17 and initial conditions y(0)ϭ0, p x (0)ϭ0, p y (0)Ͼ0, and: ͑a͒ for ϭ0, x(0) ϭ0.12; ͑b͒ for ϭ0. 4, x(0)ϭ0.12; ͑c͒ for ϭ0.7, x(0)ϭ0.58. saddle points. These homoclinic solutions are given by x(t) ϭϮx u(t), y(t)ϭȳ u(t), where u satisfies ü ϭϪuϩu 2 , u(t)→1 as t→Ϯϱ. As above, the coefficients ␥ and ͉B͉ can be computed explicitly. For ϭ1, the potential is symmetric with respect to rotations of 2/3 radians, which implies that ␥ and ͉B͉ are the same for the three homoclinic saddle-center loops. These saddle-center loops are related to an escaping problem that will be discussed after the next two examples.
B. Example 2
This is Eq. ͑8.1͒ of ͓12͔ and after some rescaling of coordinates and time, this is Eq. ͑2͒ of ͓3͔. The potential V has a pair of saddle points (x,y)ϭ(1/2)(1Ϯ&) at energy 1/8. The saddle-center equilibria related to these saddle points have eigenvalues Ϯ1 and Ϯi&. There is one homoclinic solution to each saddle-center equilibrium. Introducing coordinates
one gets a system satisfying the hypotheses in Sec. II C. The same reasoning as in the previous example gives: ϭ1, ϭ&, ␥ϭ&, ͉B͉Ϸ0.259, cϭ2␥͉B͉Ϸ0.807Ͼ&. This implies that there are no families of blocking tori accumulating at the saddle-center loops.
C. Example 3
This is Eq. ͑8.2͒ of ͓12͔ and after some rescaling of coordinates and time, this is Eq. ͑1͒ of ͓3͔. The potential V has four saddle-points (x,y)ϭ(Ϯ1,Ϯ1) at energy 1/2. The saddlecenter equilibria related to these saddle points have eigenvalues Ϯ& and Ϯi&(␥ϭ1). There is one pair of heteroclinic orbits connecting the equilibria at (x,y)ϭ(1,1) and (x,y) ϭ(Ϫ1,Ϫ1), and one pair of heteroclinic orbits connecting the equilibria at (x,y)ϭ(1,Ϫ1) and (x,y)ϭ(Ϫ1,1 The escaping problem for the systems in Examples 1, 2, and 3 was studied by Kandrup et al. ͓3͔ . They have a parameter ⑀ in their systems that coincides with the parameter in Example 1 and that in Examples 2 and 3, after some rescaling, can be identified with the energy ͑in fact, what they do is to fix an energy and vary this parameter; after the rescaling, this is equivalent to fix the parameter and vary the energy͒. So, below, the reader can think of ⑀ as if it were the energy. In particular, their ⑀ 0 is equivalent to the energy E cr of the saddle-center equilibrium. In their own words, one of their main conclusions was: ͑the following paragraph was taken from the abstract of ͓3͔͒:
''For ⑀ below a critical value ⑀ 0 , escapes are impossible energetically. For somewhat higher values, escape is allowed energetically but still many orbits never escape. The escape probability P computed for an arbitrary orbit ensemble decays toward zero exponentially. At or near a critical value ⑀ 1 Ͼ⑀ 0 there is a rather abrupt qualitative change in the behavior. Above ⑀ 1 ,...,. The transitional behavior observed near ⑀ 1 is attributed to the breakdown of some specially significant KAM tori or cantori... . '' In principle, it is not easy to relate the results in ͓3͔ to those in here. They studied the escaping problem for a range of energies that include values far from the energy E cr of the saddle-center equilibrium, while here, all results concern energies near E cr . However, there is an interesting fact in their results that makes it possible to establish a connection between their critical ⑀ 1 and the concept of a family of blocking tori introduced here. For Examples 2 and 3 above, the value of E cr is 0.125 and 0.5, respectively, and the values of ⑀ 1 they found are equivalent to energies Eϭ0.165 Ϫ0.014 ϩ0.006 and E 1 ϭ1.176Ϯ0.0024, respectively. For Example 1, they fixed the energy of the initial conditions Eϭ0.167, which implies that escape is energetically possible for Ͼ 0 ϭ1, and found a critical value of 1 ͑or ⑀ 1 ͒ of 1.1Ϯ0.5. Under these circumstances, the saddle-center loops that are relevant for the escaping problem are those presented at the end of Sec. III A. Their energy is E cr ϭ0.135 Ϫ0.013 ϩ0.015 depending on 1 ϭ1.1Ϯ0.5. Since 1 Ϸ1, these saddle-center loops have numbers ␥ and ͉B͉ ''close to'' those computed for the saddlecenter loop on the x axis for ϭ1. Therefore they are unstable. Notice that in Examples 1 and 2, there is no family of blocking tori accumulating on those saddle-center loops that are relevant for the escaping problem. In both cases, Kandrup et al. found a ''critical energy E 1 '' close to the energy E cr of the saddle-center loops. In Example 3, there are families of blocking tori accumulating on the heteroclinic saddlecenter loops and Kandrup et al. found a value of E 1 more than twice as large as E cr . So, our conclusion is that systems with unstable saddle-center loops, and therefore with no family of blocking tori, may have a value of E 1 ͑equivalent to the critical ⑀ 1 of Kandrup et al.͒ ''close'' to E cr while those systems having families of blocking tori may have a value of E 1 ''far'' from E cr . It is not easy to give a more quantitative meaning for this last statement. The question is complex and even the definition of E 1 that is based on numerical investigation is not quantitatively clear and sharp. The dynamics of the mappings in Examples 1, 2, and 3 for E near E cr is also related to the parameters ␣ and ␥. For Example 1, this idea was discussed in ͓23͔. It is well known ͓26͔ that for ϭ1, the dynamics of the system in Example 1 is mostly stochastic inside each energy level set EϽE cr for E near E cr . In this case, the saddle-center loop is unstable ͑there is no family of invariant tori accumulating on it͒. On the other hand, it was reported in ͓26͔ that the system of example 3 has no observable large scale stochasticity for E ϽE cr and E near E cr . In this case the saddle-center loop is stable and there are invariant tori accumulating on it. This indicates that the stability or instability of the saddle-center loop is related to the existence or not, respectively, of large stochastic regions at energy-level sets E close to E cr .
E. The Stormer system
The Stormer system ͑2͒ also has a saddle-center loop contained in the plane ͕x,p x ,yϭp y ϭ0͖. The scattering problem associated to it ͑13͒-͑14͒ cannot be solved analytically as above but can be solved numerically. In this case, one finds the saddle-center loop parameters 2 ϭ3/64, 2 ϭ1/32, ␥ ϭͱ3/2 and ␣Ϸ5.8, which implies that there are no invariant tori around the saddle-center loop. This seems to be in agreement with the scattering results in ͓7͔, which shows a predominance of hyperbolicity and with other numerical results on the chaotic dynamics of the Stormer problem ͑see, for instance, ͓1͔͒.
IV. CONCLUSION
In this paper, the concept of a family of blocking tori is introduced. For systems satisfying the hypotheses in Sec. II A a family of blocking tori is a set of invariant tori, one for each energy EϾE cr , such that the limit of the set as E →E cr is a saddle-center loop. In Sec. II we presented a criterion for the existence of families of blocking tori that uses two invariant numbers ␥ and ␣ related to the saddle-center loop. These numbers can be computed in several interesting examples, as for instance, those presented in Sec. III.
In Sec. II E we presented a pair of ''universal'' mappings G and L depending on the parameters ␣ and ␥ that may describe the scattering off a potential well near the critical energy E cr provided the system has a family of blocking tori. It would be interesting to numerically check the energy range of validity of this claim.
The mechanism for breaking up families of blocking tori discussed here consists in the creation of an infinite heteroclinic chain ͓10,11͔. The critical parameter for this chain creation may be related to some tangencies between invariant manifolds of different hyperbolic periodic orbits. Tangencies between invariant manifolds were found by Lai et al. ͓27͔ as a mechanism for ''chaotic scattering enhancement'' that they called ''crisis in chaotic scattering.''
